We constructed the new classes of exact multi-lump solutions of KP-1 and KP-2 versions of KP equations with integrable boundary condition u y y=0 = 0 by the use of ∂-dressing method of Zakharov and Manakov and derived general determinant formula for such solutions. We demonstrated how reality and boundary conditions for the field u in the framework of ∂-dressing method can be exactly satisfied. Here we present explicit examples of two-lump solutions with integrable boundary as nonlinear superpositions of two more simpler "deformed" one-lump solutions: the fulfillment of boundary condition leads to formation of certain eigenmodes of the field u(x, y, t) in semiplane y ≥ 0 as analogs of standing waves on string with fixed end points.
Introduction
The famous KP-equation [1] :
x u yy = 0, (1.1) with σ = i for KP-1 and σ = 1 for KP-2, can be represented as compatibility condition in the well known Lax form [L 1 , L 2 ] = 0 of two linear auxiliary problems [2] - [7] :
(1.
2)
The first linear problem (1.2) with y as "time" variable represents nonstationary Schroedinger equation -for KP-1 case with σ = i and diffusion or heat equationfor KP-2 case with σ = 1, respectively. KP-equation (1.1) as the first remarkable integrable example from known now long list of 2+1-dimensional integrable nonlinear equations is well studied: several classes of exact solutions, hamiltonian and recursion structures, Cauchy problem, etc. for this equation have been extensively investigated, see, for example, [8] - [12] and [26] , [27] .
In the present paper we constructed new classes of exact multi-lump solutions of KP equation (1.1) with integrable boundary condition [13] - [15] u y (x, y, t) = ∂u(x, y, t) ∂y y=0 = 0 (1.3)
for both versions KP-1 and KP-2 via ∂-dressing method of Zakharov and Manakov [8] .
The concept of integrable boundary conditions compatible with integrability for integrable nonlinear equations was first introduced by Sklyanin [13] . In subsequent papers of Habibullin et al [14] - [19] and others [20] this concept of integrable boundary conditions to several types of integrable nonlinear equations has been applied: for difference equations, 1+1-dimensional and 2+1-dimensional integrable nonlinear differential and integro-differential equations. In these papers a list of integrable boundary conditions for known 2+1-dimensional nonlinear equation such as KP, mKP, Nizhnik-Veselov-Novikov, Ishimori and so on with some examples of corresponding solutions have been proposed and calculated [14] - [20] . A. S. Fokas et al obtained interesting results via so called Unified Approach to Boundary Value problems, see book [21] , where they demonstrated the applicability of this method for one-dimensional and multi-dimensional linear and nonlinear differential equations. We demonstrated here how the boundary condition (1.3) and condition of reality u = u in construction of exact multi-lump solutions of KP equation (1.1) can be in the framework of ∂-dressing method exactly satisfied. We derived the restrictions from reality and integrable boundary conditions to the kernel of ∂-problem in explicit form by the use of general determinant formulas for exact solutions.
The paper is organized as follows. The first section is introduction. In second section we are reviewed the basic formulae of ∂-dressing for KP equation (1.1), derived general determinant formula in convenient form for calculations of multi-lump solutions for KP equation and the restrictions on kernel from boundary condition in the "limit of weak fields". In the following third and fourth sections we constructed new classes of multi-lump solutions for KP-1 and KP-2 versions of KP equation. Furthermore, we illustrated the new classes of exact solutions by the simple examples of two-lump solutions. We showed that integrable boundary condition u y | y=0 = 0 leads to formation of bound state of several single lumps as certain eigenmodes for the field u(x, y, t) in semiplane y ≥ 0, the analogs of standing waves on the string arising from corresponding boundary conditions at endpoints of string.
Basic formulas of ∂-dressing for KP equation. Determinant formula for multi-lump solutions. Restrictions from integrable boundary condition
The general formulas of ∂-dressing method of Zakharov and Manakov in application for KP equation are extensively described in [22] - [27] . Central object of ∂-dressing is a wave function χ(λ, λ; x, y, t) which is the function of spectral variables λ, λ and spacetime variables x, y, t. This function is connected with wave function ψ(λ, λ; x, y, t) of linear auxiliary problems (1.2) for KP (1.1) by the formula: Ψ(λ, λ; x, y, t) := χ(λ, λ; x, y, t) exp F (λ; x, y, t) (2.1)
with phase F (λ; x, y, t) in exponent:
Herein, instead of full notations χ(λ, λ; x, y, t), F (λ; x, y, t) , etc. we are using short notations with restriction to corresponding dependence on spectral variables λ, λ (or more shorter -on λ): χ(λ, λ) or χ(λ); F (λ); ψ(λ, λ) or ψ(λ), etc. Basic equation of ∂-dressing method is the so called ∂-problem for wave function χ(λ, λ) [26] , [27] or equivalently singular integral equation for χ: 
expresses u through the χ −1 coefficient of Taylor expansion of χ(λ, λ) in the neighborhood of λ = ∞:
Formula (2.4) is valid for both versions: σ = i, KP-1 and σ = 1, KP-2 of (1.1). From (2.3) one has for χ −1 :
For delta-form kernel R 0 of the type (the sum of products of delta-functions)
with complex amplitudes A k and complex "spectral" points µ k one can easily obtain general determinant formula for exact multi-lump solutions (complex in general) for KP equation (1.1). We repeated the derivation of well known determinant formula for multi-lump solutions [26] , [27] introducing by the way convenient notations and useful terminology. From (2.3) and (2.7) one obtains the wave function χ(λ, λ)
in the form of the sum of N terms with simple poles at "spectral" points µ k ; such pole structure of wave function on spectral variables λ is typical for quantum mechanics with basic Schrödinger equation and corresponding pole structures of quantum-mechanical wave functions from wave numbers, energy, momentum, etc. Formula (2.8) expresses the wave function χ(λ, λ) at arbitrary values of spectral variables λ, λ in terms of some kind of "basis" or basic set of N wave functions χ(µ k ) := χ(µ k , µ), (k = 1, . . . , N) at spectral points µ k corresponding to the choice (2.7) of the kernel R 0 . From (2.2), (2.3) and (2.8) one obtains linear algebraic system for the wave functions
here we introduced the quantitiesΦ k due to (2.2) by definitions:
Factoring from the matrixÃ kl diagonal matrix D kl := − 2A l π δ kl we introduced instead of A kl more simple and convenient matrix A kl :
So all dependence on amplitudes A k is transferred to constants γ k = π 2A k in phases Φ k . Using (2.4), (2.6)-(2.11) we derived the exact multi-lump solution of KP equation
with matrix A kl given by (2.11) . Due to special structure of matrix A kl we proved that k =l
and hence we obtained
Here we used in derivation (2.15) famous relation ∂ ∂x ln det A = tr(A x A −1 ). Formula (2.15) gives in general determinant form exact multi-lump solutions (complex in general) of KP equation for both versions KP-1 and KP-2.
In order to satisfy reality u = u and integrable boundary (1.3) conditions we had to specifically choose complex constant amplitudes A k and complex spectral points µ k . In fact, this is the main problem in calculations of exact real solutions with integrable boundary condition (1.3). The integrable boundary condition (1.3) can be satisfied in the framework of ∂-dressing method as follows. From reconstruction formula (2.4) by the use of expression (2.6) for the coefficient χ −1 of expansion (2.5) we derived taking into account (2.2) and (2.3):
Here, in the "limit of weak fields", we chose for the wave function χ in integrand approximate value χ(µ, µ) ≈ 1 as first iteration from (2.3) . Under the change of variables µ ↔ −λ: 17) and the expression (2.16) transforms to the following one
and consequently satisfied the boundary condition (1.3). The restriction (2.19) on the kernel R 0 is obtained in the "limit of weak fields" (we chose for the wave function χ(µ, µ) under integrand (2.16) the first iteration χ(µ, µ) ∼ = 1). In spite of non rigorous character of derivation (2.19) this restriction can be successfully applied for choosing appropriate kernels R 0 (µ, µ; λ, λ) in calculations of real exact solutions of KP equations (1.1) with integrable boundary condition (1.3). We performed these calculations in three following steps:
(i) the derivation of restrictions on kernel R 0 from reality condition u = u for complexvalued solutions via general determinant form;
(ii) appropriate choice of the kernel R 0 (amplitudes A k , spectral points µ k ) in accordance with restriction from reality and restriction (2.19) from boundary condition;
(iii) the calculation by reconstruction formula (2.15) of exact real multi-lump solutions of KP equation. 
Multi-lump solutions of KP-1 equation with integrable boundary condition
To apply general determinant formula (2.15) with kernel R 0 (3.1) it is convenient to rewrite this kernel in form (2.7)
with sets of amplitudes A k and spectral points M k , k = 1, . . . , 2N:
. . . , a N , a N ),
Phases Φ k (±µ k ) due to formulas (2.12) have the form:
Matrix A due to (2.11) and (3.3) has the following diagonal A D and non diagonal A F := A − A D parts:
5)
here the diagonal part of A kl has the form:
So for real amplitudes a k in (3.2):
moreover, according to special structure (3.5) of matrix A with (3.4) det A is even function of y and due to this fact
Reconstruction formula (2.15), with the properties (3.5)-(3.9) of parameters of matrix A, gives determinant formula for exact real multi-lump solution of KP-1 equation with integrable boundary (1.3).
As illustration we calculated the simplest two-lump solution u(x, y, t) of KP-1 equation corresponding to one paired terms N = 1 in (3.1). Matrix A (3.5) in this case has the form:
and reconstruction formula (2.15) leads to the following exact two-lump solution
with integrable boundary condition (1.3). The graph of this solution on semi-plane y ≥ 0 is shown on figure (1). This solution evidently is singular on the plane (X 1 , Y 1 )
with singularity lines in the form of hyperbolas:
It is interesting to note that to simple kernels R 01 , R 02 (first and second terms in (3.1)) of the forms (3.13) due to general formulas (2.9)-(2.15), correspond singular one-lump solutions:
with the same X 1 (x, t) and Y 1 (y) as in (3.11) given by (3.4) . The sum of onelump solutions (3.14) is very similar to exact two-lump solution (3.11) with integrable boundary (1.3). The solutions (3.14) (one-lump type) separately did not satisfy to integrable boundary condition (1.3), but the exact two-lump solution (3.11) is even function of y and due to this fact satisfies to (1.3). Via to (3.11) -(3.14) we rewrote (3.11) in the form: ; the effect of "interaction" of simple lumps (3.14) consists in
. We concluded that imposition of boundary condition (1.3) leads to the formation of "eigenmode" of the field u(x, y, t) in semiplane y ≥ 0 in the form of two bounded lumps u 1 and u 2 (3.14); this "eigenmode" of u(x, y, t) with two bounded lumps given by (3.11) reminds standing wave on elastic string arising from corresponding boundary conditions at the ends of the string.
Another interesting class of multi-lump solutions of KP-1 equation corresponds to the kernel similar to (3.1) but with pure imaginary spectral points iµ k0 and (−iµ k0 ): 
Due to (3.17)-(3.19) matrix A has the following diagonal A D and non diagonal A F := A − A D parts: As illustration we calculated two-lump and four-lump exact solutions of KP-1 corresponding to the kernel of the type R 0 (3.16) for the cases of one N = 1 and two N = 2 paired terms. For one paired terms in (3.16) matrix A (3.20) has the form: It is interesting to note that to simple kernels R 0k corresponding to two separate terms of one pair in R 0 (3.16) with N = 1, i.e. for kernels
due to general formulas (2.11)-(2.15), correspond the following exact complex-valued one-lump solutions
with the same X 1 and Y 1 (3.23) as in (3.24 ). These solutions (3.26) have a point singularities at the points X 1 = 0, Y 1 = 0 and did not satisfy to boundary condition (1.3). The exact two-lump solution (3.24) can be rewritten in the form
of the sum of two simple complex lumps u 1 and u 2 from (3.26) with modified (deformed)
. We state that imposition of boundary condition (1.3) leads to formation of "bound state" of two localized simple lumps u 1 and u 2 given by (3.26) 
(3.28)
The "mixture" of two lumps u 1 and u . Zero lines u = 0 for considered eigenmode of two bounded lumps u 1 and u 2 (3.26) are given by equation:
(3.29) these resulting from boundary condition (1.3) zero lines are analogs of Chladni lines for vibrating two-dimensional membranes with fixed boundaries. In the case of N = 2 two paired terms in R 0 (3.16) with spectral points ±iµ 10 , ±iµ 20 the detailed calculations with general formulae (3.17)-(3.21) lead to the following results. Matrix A has the following diagonal A D and non diagonal A F := A − A D parts:
here k, l = 1, . . . , 4 and X k (x, t) = X k , Y k (y) = Y k . For det A we described the following expression: 
Multi-lump solutions of KP-2 equation with integrable boundary condition
First, we considered the kernel R 0 with pure imaginary spectral points ±iµ k0 . As in Section 3 for KP-1 to restriction (2.19) from boundary condition (1.3) satisfies deltaform kernel R 0 (2.7) with paired terms
and with equal amplitudes a 1k and a 2k :
We also further demonstrated that reality condition u = u is satisfied for real amplitudes a k :
We rewrote the kernel R 0 (4.1) in form (3.2), for convenience of application of general determinant formula (2.15), using the sets of amplitudes A k and spectral points M k (k = 1, 2, . . . , 2N): a 1 ; a 2 , a 2 ; . . . ; a N , a N ),
Using (4.4) we derived for the matrix A given by (2.12) the following expression:
Due to (4.5)-(4.7), under requirement of real amplitudes a k = a k in (4.1), all elements of matrix A are real and therefore determinant of matrix A is real:
Moreover the matrix A has the following diagonal A D and non diagonal A F := A − A D parts: 2N) , For the simplest two-lump solution corresponding to one pair (N = 1) of spectral points (iµ 10 , −iµ 10 ) in kernel R 0 (4.1) matrix A has the form:
For det A we obtained:
.
(4.12)
The reconstruction formula (2.15) gives real singular two-lump solution:
with singularity line in the form of hyperbolas
(4. 14) and zero line -in the form of the circle It is interesting to note that for simple kernels R 01 and R 02 corresponding to two separate terms of one pair in R 0 (4.1) with N = 1, i.e. for kernels with one delta-form term (one product of two delta functions), R 01 (µ, λ) = a 1 δ(µ − iµ 10 )δ(λ − iµ 10 ), R 02 (µ, λ) = a 1 δ(µ + iµ 10 )δ(λ + iµ 10 ) (4.16)
by the use of general formulas (2.11)-(2.15) we derived exact singular one-lump solutions:
Two-lump solution (4.13) can be represented in the form: It is convenient to rewrite kernel R 0 (4.21) in the form (3.2) to apply general determinant formula (2.15) . Here, the sets of amplitudes A k and spectral points M k (k = 1, 2, . . . , 2N) are given by: a 1 ; a 2 , a 2 , . . . , a N , a N ) ,
The matrix A due to (2.11) and (4.23) has the following form:
with diagonal part
Once again due to (4.24)-(4.26) det A is real and even function of y:
and general determinant formula (2.15) gives new class of exact real but singular 2Nlump solutions of KP-2 with integrable boundary condition u y | y=0 = 0. The simplest two-lump solution corresponds to one pair of real spectral points (µ 1 , −µ 1 ) in kernel R 0 (4.21). Matrix A and det A in present case:
(4.28)
The exact solution in this case is given by the formula:
u(x, y, t) = 2 ∂ 2 ∂x 2 ln det A = −4
with line of singularities in the form of circle
and with zero lines -in the form of hyperbolas
on the plane (X 1 , Y 1 ). The graph of this real singular solution in semi-plane y ≥ 0 is shown on figure (5). It is interesting to note that to simple kernels R 01 and R 02 with one delta-term:
general formulas (2.11)-(2.15) lead to exact complex one-lump solutions u 1 , u 2 :
(4.34)
The exact solution (4.30) can be represented as the sum of u 1 and u 2 (4.34) but with modified phase Y 1 (y) → Y 1D = Y 2 1 − 1 4µ 
Conclusions
In the present paper we described new classes of exact real multi-lump solutions of KP-1,2 equations with integrable boundary condition u y | y=0 = 0 and developed general scheme for this in framework of ∂-dressing method. We demonstrated that reality u = u and boundary conditions for solutions u can be effectively satisfied exactly by the use of general determinant formula, this leads to some restrictions on parameters of solutions, i.e. on amplitudes A k and spectral points µ k , λ k of delta-form kernel R 0 of ∂-problem (2.3). We presented the simplest examples of real two-lump exact solutions as illustrations. We calculated as examples of nonsingular and also singular solutions which have point and line singularities and Chladny-type zero lines u(x, y, t) = 0, such solutions belong to the class of solutions with integrable boundary condition.
We demonstrated the effectiveness of ∂-dressing method in calculation of multilump solutions with integrable boundary conditions. The imposition on the field u of boundary condition (1.3) leads to formation of bounded with each other simple lumps or the eigenmodes of the field u(x, y, t) on semi-plane y ≥ 0. Such eigenmodes of "coherently connected" with each other simple lumps propagate with some velocity along x-axis.
The developed in present paper procedure for calculation via ∂-dressing of new classes of exact real multi-lump solutions can be effectively applied to all other integrable (2+1)-dimensional nonlinear equations, some of these studies are currently in progress and the results will be published elsewhere.
Possible physical applications of calculated in the present paper exact multi-lump solutions of KP equation should be noted. KP equation can be applied for description of fluids flows in thin films on inclined surfaces in Earth gravity field. There may be, due to some specific experimental boundary conditions, some kind of fluid "excitations" in such films, in the form of "coherently connected" with each other simple lumps, that could be observed by hydrodynamics experimentalists.
